
!1

Enhanced  sampling and 
machine learning 

MICHELE  PARRINELLO 

USI, Faculty of Informatics, Institute of Computational Sciences, Lugano 

Italian Institute of Technology, Genova 

           ETH, Department of Chemistry and Biotechnologies, Zurich



Classical Molecular Dynamics Simulations

mi
d 2Ri
dt 2

= −∇V R1;R2;...;Ri;...;RN( ) i = 1,...,N

  
E = Kr

bonds
∑ r − req( )2

+ Kθ
angles
∑ θ −θeq( )2

+ Et
dihedrals
∑ +

Aij

Rij
12
−

Bij

Rij
6
+

qiq j

εRij

%

&
'
'

(

)
*
*i< j

∑

bond stretching angle bending torsions VdW + Electrostatic 
interactions 

bonded non-bonded

the formation/
breakage of covalent 

bonds is not 
simulated

non-covalent 
interactions are 

captured



Testo 

!3

Ab-initio MD = MD+electronic structure

Ab-initio MD
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Challenges in atomistic simulations

Complexity
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Copper nanotwins with 140 million atoms 
Li et al. Nature 464, 877 (2010) 

Glassy Zr66.7Ni33.3 
Hirata et al. Nature materials 10, 28 (2011) 

Protein Folding 
Red=x-ray blue=MD 

Shaw et al. Science 330, 341 (2010) 

A 55 years  old approach



Testo 

!6

Silicon crystallisation

Si is one of the most important elements 

The solid  to liquid transition is accompanied 
by a non-metal to metal transition 

Two main difficulties: 

Time scale problem → rare event  

A realistic interaction potential is needed and 
ab initio molecular dynamics is too expensive 
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The time scale problem

MD integration step
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The time scale problem

KBT

Example: 
△G = 150 kJ/mol 
T = 300 K 

k = 4.78 10-14 s-1 
t1/2 = 459824 s = 5.3 days

t1/2 ∝ e
ΔG
kBT

Many physical processes are rare events  
driven by infrequent fluctuations 



Testo 

!9

Learning from crystallisation 

Free energy cost

Fluctuations form clusters of 
the  new  phase. 

Use the cluster size n as  
order parameter

F(n) = − Δμn + σn2/3

bulk	free	energy

surface	free	energy
F(n)
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Describe the system in a low dimensional space

The collective variables

The free energy surface

The probability distribution

s(R) = (s1(R), . . . , sM(R))

P(s) = ∫ dRδ(s − s(R))P(R)

F(s) = −
1
β

logP(s)
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A dimensional reduction

From a high dimensional  and  
rugged Potential Energy Surface 

To a low dimensional and 
smooth Free Energy Surface 
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A dimensional reduction
local density

local order

+

Collective  
Variables

Fully atomistic description 

CV description 

CV

Crystal-like

Liquid-like



Testo 

Umbrella sampling 

Add an external potential that is a function of the collective 
coordinates 

                                                

Reweigh the configurations

Torrie and Valleau, J. Comp. Phys.  (1977)

U(R) → U(R) + V(s(R))

⟨O(R)⟩U =
⟨O(R)eβV(R)⟩U+V

⟨eβV(R)⟩U+V
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Sampling methods

We have developed two collective-coordinates-based 
enhanced sampling methods

•  Metadynamics 

•  Variationally enhanced sampling 



Barducci, Bussi and Parrinello PRL (2008)

The bias potential is built 
iteratively by adding a local 
repulsive potential that 
discourages revisiting 
regions already explored.

Laio and Parrinello PNAS (2002)
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Metadynamics

Standard dynamics Metadynamics
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A rigorous result

The procedure amounts at solving the ordinary differential equation

* Dama, Parrinello and Voth PRL 2014

dV(s, t)
dt

= ∫ ds′�G(s − s′�)e− V(s′�, t)
γ − 1 PV(s′�,t)

and at enhancing the fluctuations in a controlled way using the 
parameter 𝛾.

P(s) → P(s)
1
γ

p(s) / [P (s)]1/�

P (s)
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Metadynamics at work

Classical MD simulations with Stillinger-Weber (SW) potential  
+ Metadynamics with structure factor main peak intensity as CV 
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The strategy

Si  
crystallisation 

with DFT  
accuracy 

Extract physically 
relevant configurations

Perform a MetaD 
simulation

DFT energies and forces

Train a neural network
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Generate an accurate potential

Behler and Parrinello, PRL 2007 
Bartok, Payne, Kondor and Csanyi, PRL 2010 

Generate	a	large	number	of	configura<ons	
and	fit	the	parameters	of	a	neuronal	network		
to	these	data.	

Universal	approxima/on	theorem
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Deep potential

Loss function: mean square error 
on energy, forces and virial

▸ Local coordinate Dij for every atom and its 
neighbors to preserve symmetries

Potential energy decomposed  
into the sum of atomic energies 

 Han, Zhang, Car, and E, Comm. in Comput. Phys. 2018
Zhang, Han, Car, and E, PRL 2018
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Choosing the Training Set

▸ We do not  want to obtain a universal NN but one specialised to 
describe the solid-liquid transition

▸ We need liquid, crystalline structures, defects, interfaces between 
the different phases...

Identify the relevant 
configurations from 

classical MD

Single point DFT 
on the classical 
configurations

Train the neural 
network 
potential



DPMD + METAD TO GET 
AB-INITIO METADYNAMICS 

Simulation at 1750K - 1 atm 

Trajectory of MetaD simulation, biasing along 
the local structure factor CV



WE OBTAIN A DFT LEVEL DESCRIPTION OF THE CRYSTALLIZATION PROCESS 

Free energy differenceFES vs temperature



FOLLOWING THE NUCLEATION PROCESS

Biggest cluster [1] of solid-like atoms
Simulations details:
1700K → 0.92 TM

4096 atoms
25 ns simulation

100 200

490 610

Snapshots of the clusters 
vs # atoms

Surfaces of growth
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A library of collective variables

                    Distances,  
                  Dihedrals angles, 
                  Coordination numbers,  
                  Entropy,  
                  Radius of gyration,  
                  Root mean square deviation,  
                  Structure factors,  
                  Number of crystalline molecules,  
                  NMR S2  parameter,  
                  Path collective variables, 
                  Physics informed machine learning methods
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Simple collective coordinates for chemistry

Let us start from the simple SN2 reaction

Cl− + CH3Cl → CH3Cl + Cl−

d1
d2
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Consider  this as a two state system

μA

ΣA

μB

ΣB

d1

d2

Each state is identified by two descriptors 
!  and ! . 

The fluctuations of the descriptors are 
approximately multivariate Gaussian and 
can be described by their average values
!  and !  and their covariances matrices 
!  and ! .  

d1 d2

μA μB
ΣA ΣB
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Linear Discriminant Analysis

We try to find the projection along the 
direction 
                   !  

in which the data are maximally 
separated. This is obtained by minimising  
the ratio: 

                 !  

where: 

                 !  

y = WTd(R)

WT(μA − μB)2W
WTSbW

Sb = ΣA + ΣB

d1

d2



Testo 

!29

Harmonic Linear Discriminant Analysis

d1

d2

μA

ΣA

μB

ΣB

LDA works in a mediocre way because 
it does not carry any information on the 
relative height of the two basins. This can 
be simply added by estimating  the 
between spread  from the harmonic 
mean. 

                !  

This leads to this simple expression for 
the collective variables: 

            

!  

                                      

                  

1
Sb

= 1
ΣA

+ 1
ΣB

s(R) = (μA − μB)( 1
ΣA

+ 1
ΣB

)d(R)
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Ideal for chemistry!

Lets study the classical Diels Alder reaction
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The free energy
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A biological application

Paolo Carloni

Riccardo Capelli

Muscarinic M2 acetylcholine receptor

Laminar distribution of M2 in different cortical areas

	hν

This receptor is implicated in many physiological  
and pathological brain function1

The study of kinetics of a radioligand can give us  
a better resolution and more safe and precise diagnostics2
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A complex scenario

Several intermediate states 
are discovered, one involving

a rearrangement of an 
extracellular loop.
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Autoencoder
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Autoencoder

State A

State B
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Calyxarene
A model for protein-ligand binding

BoundPrebound

Unbound
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Calyxarene
A model for protein-ligand binding

Pre bound
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Calyxarene
A model for protein-ligand binding

Bound
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The free energy

The free energy surface  
as function of the NN CVsTwo hundredth 

descriptors lumped  
into two CVs



Testo 

!40

A variational alternative

The bias is constructed by minimising the convex functional 

Valsson and Parrinello, PRL (2014)

Valsson and Parrinello, PRL (2014)

At the minimum:

V(s) = − F(s) −
1
β

logp(s) PV(s) = p(s)i.e.

Ω(V(s)) =
1
β

log
∫ dse−β(F(s)+V(s))

∫ dse−βF(s)
+ ∫ dsp(s)V(s)

A Kulbach-Leibler divergency in disguise!
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In the practice

Valsson and Parrinello, PRL (2014)

Valsson and Parrinello, PRL (2014)

⌦(↵)

r⌦(↵)

V(s; α) = ∑
i

αi fi(s) Ω(V ) → Ω(α)

The convex function  

Ω(α)
is minimised using a  
stochastic steepest descent  
algorithm.
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A deep bias

Represent the bias V(s) as  a neural network.

ℒ(w) = Ω(w)

The loss function is our 
functional

V



We use x as CV 

ADAM stochastic optimiser  

Monitor convergence on a running estimator 
of the Kulback-Leibler divergence: 

!  

We stop not at the minimum of !  but 
when !  is good enough to perform a 
meaningful reweighing. 

!  

D(pV(s) | |p(s))

Ω(w)
V(s)

⟨O(R)⟩ = ⟨O(R)eβV(s(R)⟩V

⟨eβV(s(R)⟩V
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Optimisation



Choose x as CV


ADAM optimiser


Monitor convergency with a running estimate 

of the Kulback-Leibler divergence.


            � 


We stop before reaching the minimum. We only require

that �  is good enough for the reweighing to be possible.


     � 


D(pU+ V(s) | |p(s))

V(s)

⟨O(R)⟩U =
⟨O(R)eβV(R)⟩U+ V

⟨eβV(R)⟩U+ V
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Optimisation
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Alanine dipeptide
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Silicon again



Testo 

!47

Reasons for optimism

The progress in machine learning can be harvested 

A large number of CVs can be used 

Some of the limitations of variational enhanced 
sampling can be removed  
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